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Abstract
The gauge fixing dependence of the one-loop effective action of
quantum gravity in the proper-time representation is investigated for
a space of arbitrary curvature, and the investigation is extended to
Maxwell-Einstein theory. The construction of Vilkovisky and DeWitt
for removal of this depence is then considered in general gauges, and
it is shown that nontrivial criteria arising from a Ward identity of
the theory must be obeyed by the regularization scheme, if the con-
struction is to remove the gauge dependence of quadratic and quartic
divergences. The results apply also to non-Abelian gauge theories;
they are used to address the question of gauge dependence of asymp-
totic freedom arising through internal graviton lines at one-loop order
as suggested by Robinson and Wilczek.
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1 Introduction
In an influential paper, Robinson and Wilczek [1] suggested the possibility
of asymptotic freedom arising in a gauge theory, considered an effective field
theory in the sense of Weinberg [2], Vilkovisky [3] and Donoghue [4], through
the quadratic divergences of one-loop Feynman integrals involving internal
graviton lines. It was subsequently pointed out by Pietrykowski [5] that the
effect is gauge dependent and that it vanishes in a class of gauges. This was
later confirmed in [6]. The topic has recently generated much active interest
and controversy in the litterature [7].
The results in [1]-[7] were based on flat-space calculations, which means
that the background gravitational field is not a solution of the Einstein
equation, and this in its turn leads to a gauge-dependent result, since off-
shell quantities in a quantum field theory depend on the gauge. A gauge-
independent construction of the off-shell effective action was developed by
Vilkovisky [8] and extended by DeWitt [9] (we shall for brevity refer to this
method below as the Vilkovisky construction). Their method was recently
applied in connection with the problem treated in [1]-[7] by Toms [10], [11]
using the Schwinger-DeWitt proper-time representation of the effective ac-
tion [12], [13], and by He, Wang and Xianyu [14] and Tang and Wu [15], using
momentum space integration. They all obtain different numerical results.
The scope of the present investigation is threefold:
• The problem of [1] is considered in a space with arbitrary curvature
by means of the Schwinger-De Witt proper-time representation of the
effective action of the gravitational field in arbitrary gauges; thus the
Einstein equation for the background metric may be applied, formally
eliminating the gauge dependence of the effective action, and also the
consequences in general of having a background metric that is not a
solution of the Einstein equation can be found.
• The Vilkovisky construction is investigated in detail on the one-loop
level in general gauges rather than the so-called Landau-DeWitt gauge
[16] to which [10], [11], [14] and [15] were restricted. It is found that
gauge independence of the one-loop effective action is a consequence of
a certain Ward identity, and the Vilkovisky construction can thus only
be applied in connection with regularization schemes where this Ward
identity is not violated.
• This method is then applied to the Maxwell-Einstein system, and it is
found that its one-loop effective action is made gauge-invariant off-shell
at second order in the gravitational coupling κ by the Vilkovisky con-
struction of pure quantum gravity, whereas the version of the Landau-
DeWitt gauge used in [10], [11], [14] and [15] is relevant for the off-shell
effective action at fourth order in κ.
Because the topic has generated so much controversy a rather detailed expo-
sition has been used. Only coupled Maxwell-Einstein fields are considered,
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but the conclusions carry over almost verbatim to non-Abelian gauge fields
coupled to gravity.
The layout of this article is the following: In sec. 2 we consider a gen-
eral gauge theory and carry out the Vilkovisky construction in the one-loop
approximation, showing how a general Ward identity is formally valid and
implies through a partial cancellation of the gauge field and ghost contribu-
tion that the effective action is independent of the gauge condition.
In sec. 3 we consider the one-loop effective action of pure quantum grav-
ity in an arbitrary background metric and in a class of gauges more general
than the Feynman gauge, showing that the Schwinger-DeWitt proper time
representation can be used also in this case, and that the gravitational heat
kernel obeys a Ward identity that determines the gauge dependence of the
effective action in the case where the background metric is not a solution of
the Einstein equation. The Vilkovisky construction is also carried out in this
case and shown not to eliminate the gauge dependence of all quadratically
divergent terms. It is found that the gauge-dependent part of the effective
action contains in the proper-time representation, apart from a term involv-
ing the background field Einstein equation and thus vanishing on-shell, also
a quadratic divergence involving the scalar curvature that cannot be elimi-
nated by the Vilkovisky construction, which applies on the non-regularized
level.
In sec. 4 the Maxwell-Einstein system is considered, and it is found that
the considerations on the gauge dependence of the effective action obtained
in sec. 3 carry over to this case also, with the replacement Gµν → Gµν −T µν ,
where Gµν is the Einstein tensor and T µν the energy-momentum tensor of
the background gauge field. Also a class of generalized gauges is introduced
involving the background gauge field and field strength, following [10], [14]
and [15], and it is proven that the contribution at second order in the grav-
itational coupling κ formally vanishes by the Ward identities of the theory
when the ghost contributions are taken into account, but that this is upset
by quadratic divergences with proper time regularization. We also apply the
Vilkovisky construction to this case. As in the case of pure gravity not all
gauge-parameter dependent quadratic divergences with a proper-time cut-off
are removed by the Vilkovisky construction.
Finally sec. 5 contains evaluation of the effective action by momentum-
space integration and application of the Vilkovisky construction in general
gauges using this method of evaluation. Appendix A gives technical details
on proper-time regularization while Appendix B contains the outline of the
Vilkovisky construction of Maxwell-Einstein theory in next-lowest order in
κ.
The following conventions have been used: The metric in Minkowski space
is ηµν = (− + ++), and the sign of the Riemann tensor is chosen such that
the Hilbert action is:
SH =
1
κ2
∫
d4x
√−gR (1)
where κ =
√
8πG is the gravitational coupling constant, with G denoting
3
Newton’s constant.
2 General gauge theory
The effective action Γ[φ] of a field theory with classical action S[ϕ] is given
by the path integral through:
eiΓ[φ] =
∫
[Dϕ] exp(iΓ[φ],k(φk − ϕk) + S[ϕ]). (2)
We use the condensed notation of DeWitt [13], where the label of the back-
ground field φ and the integration variable ϕ indicates both space-time vari-
able, tensor indices and group indices. From (2) follows in the one-loop
approximation:
Γ[φ] ≃ S[φ]− i
2
Tr log∆[φ]. (3)
The propagator ∆[φ]ik is defined by:
∆[φ]ikS[φ],kl= δ
i
l. (4)
Vilkovisky [8] and De Witt [9] use in (2) instead of the difference between
the background field φ and the integration variable ϕ the geodesic interval
in field space, given a suitable metric tensor in field space, and this leads in
(2) to the replacement:
φk − ϕk → φk − ϕk − 1
2
Γklm[φ](φ
l − ϕl)(φm − ϕm) + . . . (5)
with Γklm components of a connection in field space. Then (3) becomes:
Γ[φ] ≃ S[φ]− i
2
Tr log ∆˜[φ] (6)
with:
∆˜[φ0]
jk(S[φ0],kl−S[φ0],mΓmkl[φ0])) = δj l (7)
cp. (4). The general expression (6) can be written as a series in S[φ],i with
the two first terms:
Γ[φ] ≃ S[φ]− i
2
Tr log∆[φ]− i
2
S[φ],mΓ
m
kl[φ]∆[φ]
lk + · · · . (8)
This procedure corresponds to treating the connection term as an interaction
term of the Lagrangian [10], [11], [14], [15], [17].
The effective action (6) can be considered an infinite series in S,i[φ], where
the invariances achieved through the Vilkovisky construction (reparametriza-
tion invariance and also gauge fixing independence for a gauge theory) arise
by conspiracy between neighboring terms. Truncating the series one will only
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have these invariances at a certain order. Since (8) only contains S,i[φ] in first
order all terms of second and higher order should be disregarded everywhere.
Gauge transformations are:
δφi = Riα[φ]δλ
α (9)
with δλα an infinitesimal parameter, and where the gauge invariance of the
classical action is expressed by:
S[φ],iR
i
α[φ] = 0. (10)
From (10) follows:
Riα[φ]S[φ],ij + S[φ],iR
i
α[φ],j = 0 (11)
so S[φ],ij is degenerate and not invertible on the mass shell, where S[φ],i = 0.
The gauge transformation generators Riα[φ] fulfill the structure relations:
Riα,jR
j
β − Riβ,jRjα = cγαβRiγ (12)
where cγαβ are generalized structure constants.
Gauge conditions are χα[φ] that are taken linear in φ, and the degeneracy
of S[φ],ij is lifted by including in S[φ],ij the expression:
χα,icαβχ
β
,j (13)
with cαβ a constant, symmetric matrix, and (6) is in a gauge theory replaced
by:
Γ[φ] ≃ S[φ]− i
2
Tr log∆[φ] + iTr logQ−1 − i
2
S[φ],iΓ˜
i
kl[φ]∆[φ]
lk (14)
with terms containing more than one power of S[φ],i disregarded and with:
Qαβ = χ
α
,iR
i
β, detQ
α
β 6= 0 (15)
where the new connection coefficients Γ˜ikl were constructed by Vilkovisky [8].
After gauge-breaking one gets by inclusion of the expression (13) in S[φ],ij
instead of (11):
Riα[φ]S[φ],ij + S[φ],iR
i
α[φ],j = Q
β
αcβγχ
γ
,j. (16)
Multiplying this relation by (Q−1)αγ∆[φ]
jk one obtains the Ward identity
[18]:
cαβχ
β
,j∆[φ]
jk = (Q−1)βα(R
k
β[φ] + S[φ],iR
i
β,j∆
jk[φ]). (17)
As mentioned above and as explained in more detail in the following, the
gauge fixing independence of the effective action arises through conspiracy
of neighboring terms of (6) when considered an infinite series in S[φ],i in the
series expansion of the effective action. The Ward Identity (17) is necessary
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for proving this gauge fixing indepence; notice that it contains terms of both
zeroth and first order in S[φ],i.
We introduce the operator:
Nαβ = R
i
αγijR
j
β (18)
with the inverse Nαβ . Here γmn is the metric in field space, with the inverse
metric γmn. We also define the projection operators:
Πmn = γmn − γmiRiαNαβRkβγkn (19)
with:
RmαΠmn = 0. (20)
The connection in field space after gauge fixing Γ˜rmn is according to
Vilkovisky [8], [19] given by:
Γ˜rmn ≃ Γrmn − γmkRkαNαβDnRrβ − γnkRkαNαβDmRrβ
+
1
2
γmiR
i
αN
αγ(Rj δDjRrγ +Rj γDjRrδ)N δβRkβγkn (21)
with the covariant derivative defined through:
DnRrα = Rrα,n + ΓrmnRmα. (22)
and with Γrmn the Christoffel connection components in field space before
gauge fixing. The following equivalent form of (21) turns out to be conve-
nient:
Γ˜rmn ≃ Γr ijΠimΠjn − 1
2
Rrα,nN
αβRkβγkm − 1
2
Rrα,mN
αβRkβγkn
−1
2
ΠsmR
r
α,sN
αβRkβγkn − 1
2
ΠsnR
r
α,sN
αβRkβγkm. (23)
The last term of (14), using the modified connection (23), becomes:
− i
2
S[φ],j∆[φ]
nm
(
Γj qsΠ
q
mΠ
s
n −Rjα,nNαβRkβγkm − ΠsnRjα,sNαβRkβγkm
)
.
(24)
Picking a gauge where the propagator is restricted by the equation:
Rkαγkn∆[φ]
nm = 0 (25)
(the Landau-De Witt gauge) this expression reduces to:
− i
2
S[φ],j∆[φ]
nmΓjmn. (26)
This is the gauge used in [10], [11], [14], [15], [17]. However, in order to
prove gauge fixing independence of a gauge theory one has to keep the full
expression (24). In the following sections we use (24) for one-loop quantum
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gravity and for the Maxwell-Einstein system to lowest and also next-lowest
order (in Appendix B) in the gravitational coupling κ.
It is next verified that the gauge dependence of (14) has been eliminated
by addition of the last term. Gauge dependence occurs through the gauge
fixing function χα and also through the matrix elements cαβ, but it is suffi-
cient to consider variation of χα, since the arbitrariness connected to cαβ can
be absorbed in the gauge fixing function.
From (14) one finds:
δ
δχα,j
(− i
2
Tr log∆[φ]) = icαβχ
β
,k∆
kj[φ]. (27)
Assuming here and henceforth that the Ward identity (17) can be applied
one gets from (27):
δ
δχα,j
(− i
2
Tr log∆[φ]) = i(Q−1)δα(R
i
δ + S[φ],kR
k
δ,l∆[φ]
lj). (28)
where in (28) the first term on the right-hand is cancelled by the ghost term
derivative:
δ
δχα,j
(iTr logQ−1) = −i(Q−1)δαRj δ. (29)
(this could be upset by the regularization scheme). Also we find:
δ
δχα,j
∆[φ]nm ≃ −∆[φ]mj(Q−1)γαRnγ −∆[φ0]nj(Q−1)γαRmγ (30)
by the Ward identity (17) and where terms involving S[φ],k were disregarded,
and thus we get from (24) after some manipulations and using (18) and (20)
and also the structure relations (12) and the gauge invariance of the classical
action:
δ
δχα,j
(− i
2
S[φ],mΓ˜
m
kl[φ0]∆[φ]
lk) ≃ −iS[φ],kRkβ,n∆[φ0]nj(Q−1)βα. (31)
The sum of (28), (29) and (31) vanishes (the partial cancellation between
(29) and (31) could again be upset by the regularization scheme).
In summary, it was verified that the Vilkovisky construction as expected
formally removes the gauge parameter dependence of the effective action at
one-loop order. In the course of this proof, conditions for the regulariza-
tion scheme to be used were obtained: It should not upset the cancellation
between (28), (29) and (31). It will be found in the following sections for
the cases of quantum gravity and the Einstein-Maxwell system that these
requirements are nontrivial and indeed are violated by quartic and quadratic
divergences in the Schwinger-DeWitt proper time representation of the effec-
tive action with a lower cut-off in the proper time variable.
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3 Pure quantum gravity in the one-loop ap-
proximation
In this section we investigate the gauge parameter dependence of the one-
loop effective action of pure quantum gravity with an arbitrary background
metric, using the Schwinger-DeWitt proper time representation. The one-
loop effective action in a general field theory is determined from (14), where
in the proper time representation:
− i
2
Tr log∆[φ] = − i
2
Tr
∫ ∞
0
dτ
τ
eiτ∆
−1[φ] (32)
where τ is the proper time, with a corresponding expression for the ghost con-
tribution iTr logQ−1. This method is convenient because of the Campbell-
Baker-Hausdorff identity:
δeA =
∫ 1
0
dtetAδAe(1−t)A (33)
with A an arbitrary operator and δA an infinitesimal variation that does
not commute with A; this identity allows a perturbative expansion of the
effective action. (32) is an exact but possibly divergent representation of the
effective action, where a regularization is achieved by a modification of the
proper time integral at the lower end.
The metric tensor gµν is split according to:
gµν → gµν + κhµν (34)
with gµν a classical background metric field, while hµν is the quantum fluc-
tuation field. A coordinate transformation implies for hµν :
hµν → hµν + ξµ;ν + ξν;µ + κ(hµλξλ ;ν + hνλξλ ;µ + ξλhµν;λ) +O(κ2). (35)
Here and elsewhere, covariant derivative is indicated by a semicolon, and
if the covariant derivative is with respect to a variable x′, then the index
following the semicolon carries a prime, etc.. The Hilbert action (1) has the
linear term in hµν :
S
(1)
H = −
1
κ
∫
d4x
√−ghµνGµν (36)
with Gµν = Rµν − 1
2
gµνR the Einstein tensor of the background metric,
where Rµν the Ricci tensor and R = gµνR
µν the curvature scalar, and also
the following quadratic term in hµν :
S
(2)
H =
1
2
∫
d4x
√−g
(
− 1
2
hλλGµνhµν + hµρGρνhµν +Rµλhνλhµν − 1
2
hµµR
λρhλρ
+
1
2
hµνg
µν(hλρ ;λ;ρ − hλλ;ρ;ρ)− 1
2
hµν(hµλ;ν;
λ + hνλ;µ;
λ − hµν;λ ;λ − hλλ;µ;ν)
)
. (37)
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In order to quantize the gravitational field one adds to (37) a gauge breaking
term:
SGB = −1
2
1
α
∫
d4x
√−g(hµν;ν − 1
2
gνσhνσ;µ)g
µτ(hτλ;
λ − 1
2
gλρhλρ;τ ) (38)
where the gauge parameter α for simplicity is taken positive. The gauge
breaking term (38) necessitates the Faddeev-Popov ghost action:
SFP =
1√
α
∫
d4x
√−gξ¯µ(ξµ;ν;ν +Rµνξν) +O(κ). (39)
Here the factor 1√
α
in front, which usually is disregarded or removed
by a rescaling of the ghost fields, is of crucial importance for the analysis
of quadratic divergences. This factor occurs in the ghost determinant and
should hence also be taken along into the representation of this determinant
that corresponds to (32). When these expressions are regularized by a lower
cut-off in τ then a rescaling of the τ -parameter by a factor
√
α in the expres-
sion for the ghost field determinant means that a different cut-off is used for
the ghost determinant and the gauge field determinant.
Also, leaving out the factor 1√
α
would give an artificial dependence of
the path integral on the gauge-fixing parameter as pointed out in [20] in the
case of Abelian gauge fields (see especially the Ward identity argument in
(2.18)-(2.19) of [20]). One could alternatively use an additional ghost [19],
[21] to remove this factor from the ghost action, but the additional ghost
would be non-propagating in this case, which would make this procedure less
convenient for actual calculations.
The one-loop effective action of quantum gravity is by (32), disregarding
for a moment the ghost contribution:
Γ[1]gr = −
i
2
∫ ∞
0
dτ
τ
∫
d4x(
1
2
hαµν,
µν(x, x; τ)− 1
4
hαµ
µ
,ν
ν(x, x; τ)) (40)
where the heat kernel 1 hαµν,ξ′η′(x, x
′; τ) is determined by the differential equa-
tion according to (37)-(38):
i
∂
∂τ
hαµν,ξ′η′(x, x
′; τ) + hαµν,ξ′η′(x, x
′; τ);σ;
σ − 1
2
Xµν
λρhαλρ,ξ′η′(x, x
′; τ)
−2Rλµν ρhαλρ,ξ′η′(x, x′; τ)
−(1− 1
α
)(hαµλ,ξ′η′(x, x
′; τ);
λ
;ν + h
α
νλ,ξ′η′(x, x
′; τ);
λ
;µ − gλρhαλρ,ξ′η′(x, x′; τ);µ;ν)
= 0 (41)
with the boundary condition:
hαµν,ξ′η′(x, x
′; 0) = (gµξ′gνη′ + gνξ′gµη′ − gµνgξ′η′)δ(x, x′) (42)
1It is somewhat misleading to refer to this quantity as a heat kernel; this requires the
proper time variable τ to be imaginary whereas it is assumed real here. However, we shall
continue to use this name for simplicity.
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and where:
1
2
Xµν
λρ = Rµνg
λρ + gµνGλρ − δµλGνρ − δνλGµρ + 2Rλ µν ρ. (43)
The ghost contribution to the effective action is by (39):
Γ
[1]
gh = i
∫ ∞
0
dτ
τ
∫
d4xhgh,µ
µ(x, x;
1√
α
τ) (44)
with:
i
∂
∂τ
hgh,µ,ξ′(x, x
′; τ) + hgh,µ,ξ′(x, x
′; τ);σ;
σ +Rµ
νhgh,ν,ξ′(x, x
′; τ) = 0 (45)
and:
hgh,µ,ξ′(x, x
′; 0) = gµξ′δ(x, x
′). (46)
This heat kernel fulfills the following important relation:
hgh,µξ′(x, x
′; τ1 + τ2) =
∫
d4x′′hgh,µ
σ′′(x, x′′; τ1)hgh,σ′′ξ′(x
′′, x′; τ2) (47)
by (39). An analogous relation holds for the graviton heat kernel.
One should notice the square root of the gauge parameter α in (44).
Formally this dependence on α can, as mentioned above, be removed by a
rescaling of the integration variable τ . When a lower cut-off is introduced in
the integral, however, the quartic and quadratic divergences will depend on
α.
The dependence of the heat kernel hαµν,ξ′η′(x, x
′; τ) on the gauge parameter
α is next determined. First it is shown that the heat kernel obeys a Ward
identity. Heat kernel Ward identities were considered previously in [20], [22].
From (41) follows:
i
∂
∂τ
(hαµν,ξ′η′(x, x
′; τ);
µ − 1
2
hαµ
µ
,ξ′η′(x, x
′; τ);
ν)
+
1
α
(hαµν,ξ′η′(x, x
′; τ);
µ − 1
2
hαµ
µ
,ξ′η′(x, x
′; τ);
ν);σ;
σ
+
1
α
Rν
λ(hαµλ,ξ′η′(x, x
′; τ);
µ − 1
2
hαµ
µ
,ξ′η′(x, x
′; τ);
λ)
= −Gλρ(2hαλν,ξ′η′(x, x′; τ);ρ − hαλρ,ξ′η′(x, x′; τ);ν) (48)
with the solution:
hαµν,ξ′η′(x, x
′; τ);
µ − 1
2
hαµ
µ
,ξ′η′(x, x
′; τ);ν
= −hgh,ν,η′(x, x′; 1
α
τ);ξ′ − hgh,ν,ξ′(x, x′; 1
α
τ);η′
+iτ
∫
d4x′′
∫ 1
0
dthgh,ν
σ′′(x.x′′;
1
α
tτ)Gω′′δ′′(x′′)
(
2hαω′′σ′′,ξ′η′(x
′′, x′; (1− t)τ);δ′′
−hαω′′δ′′ ,ξ′η′ (x′′, x′; (1− t)τ);σ′′
)
. (49)
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From (41) also follows a differential equation for the function α ∂
∂α
hαµν,ξ′η′(x, x
′; τ):
i
∂
∂τ
(α
∂
∂α
hαµν,ξ′η′(x, x
′; τ)) + α
∂
∂α
hαµν,ξ′η′(x, x
′; τ);σ;
σ − 1
2
Xµν
λρα
∂
∂α
hαλρ,ξ′η′(x, x
′; τ)
−(1− 1
α
)(α
∂
∂α
hαµλ,ξ′η′(x, x
′; τ);
λ
;ν + α
∂
∂α
hανλ,ξ′η′(x, x
′; τ);
λ
;µ − gλρα ∂
∂α
hαλρ,ξ′η′(x, x
′; τ);µ;ν)
=
1
α
(hαµλ,ξ′η′(x, x
′; τ);
λ
;ν + h
α
νλ,ξ′η′(x, x
′; τ);
λ
;µ − gλρhαλρ,ξ′η′(x, x′; τ);µ;ν). (50)
This equation is solved in the same way as (48); the result is:
α
∂
∂α
hαµν,ξ′η′(x, x
′; τ)
=
1
α
iτ
∫
d4x′′
∫ 1
0
dt(hαµν,λ′′ρ′′(x, x
′′; tτ);
λ′′ − 1
2
hαµν,λ′′
λ′′(x, x′′; tτ);ρ′′)g
ρ′′ω′′(x′′)
(hασ′′ω′′,ξ′η′(x
′′, x′; (1− t)τ);σ′′ − 1
2
hασ′′
σ′′
,ξ′η′(x
′′, x′; (1− t)τ);ω′′). (51)
Using here (49) and disregarding the second term on the right-hand side one
gets approximately:
α
∂
∂α
hαµν,ξ′η′(x, x
′; τ) ≃ − 1
α
iτ
∫
d4x′′
∫ 1
0
dt(hghµρ′′(x, x
′′; t
1
α
τ);ν + hghνρ′′(x, x
′′; t
1
α
τ);µ)g
ρ′′ω′′(x′′)
(hασ′′ω′′,ξ′η′(x
′′, x′; (1− t)τ);σ′′ − 1
2
hασ′′
σ′′
,ξ′η′(x
′′, x′; (1− t)τ);ω′′). (52)
Using again (49) and also (47) one gets a further approximation:
α
∂
∂α
hαµν,ξ′η′(x, x
′; τ) ≃ 1
α
iτ((hgh,ν,η′(x, x
′;
1
α
τ));µ;ξ′ + (hgh,ν,ξ′(x, x
′;
1
α
τ));µ;η′
+(hgh,µ,η′(x, x
′;
1
α
τ));ν;ξ′ + (hgh,µ,ξ′(x, x
′;
1
α
τ));ν;η′). (53)
Combining (51) with (40) and the relation analogous to (47) for the gravi-
ton heat kernel the dependence of the effective action of the gauge parameter
α can be found:
α
∂
∂α
Γ[1]gr =
1
2
1
α
∫ ∞
0
dτ
∫
d4xgνη
′
(hαµν,ξ′η′(x, x
′; τ)µ; ;
ξ′ − 1
2
hαµ
µ
,ξ′η′(x, x
′; τ);ν;
ξ′
−1
2
hαµν,ξ′
ξ′(x, x′; τ)µ; ;η′ +
1
4
hαµ
µ
ξ′
ξ′(x, x′; τ);ν;η′). (54)
By means of (49) one gets from (54) two terms that correspond precisely to
the two terms of (28):
α
∂
∂α
Γ
[1]
gr,I =
1
2
1
α
∫ ∞
0
dτ
∫
d4xgµη
′
(−hgh,µ,η′(x, x′; 1
α
τ);ξ′;
ξ′ − hgh,µ,ξ′(x, x′; 1
α
τ);η′;
ξ′
+hgh,µ,ξ′(x, x
′;
1
α
τ);
ξ′
;η′) |x′→x
=
i
2
∫
d4xgµη
′
∫ ∞
0
dτ
∂
∂τ
hgh,µ,η′(x, x;
1
α
τ) (55)
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where (45) was used in the last step, and:
α
∂
∂α
Γ
[1]
gr,II = i
1
α
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthgh,
µσ′(x, x′; t
1
α
τ)Gω′δ′(x′)
(hαω′σ′,µν(x
′, x; (1− t)τ);δ′ ;ν − 1
2
hαω′σ′,ν
ν(x′, x; (1− t)τ);δ′ ;µ
−1
2
(hαω′δ′,µν(x
′, x; (1− t)τ);σ′ ;ν − 1
2
hαω′δ′,ν
ν(x′, x; (1− t)τ);σ′ ;µ)). (56)
(55) is an integral of a total derivative. It is considered in connection
with the ghost contribution to the effective action (44) from which one finds:
α
∂
∂α
Γ
[1]
gh = −
i
2
∫
d4x
∫ ∞
0
dτ
∂
∂τ
hgh,µ
µ(x, x;
1√
α
τ) (57)
that has the same form as (55), with a sign change and a different dependence
on α. It would cancel with (55) by a rescaling of the the proper time variable
τ . Indeed, it is an example of the partial cancellation between the general
expressions (28) and (29). However, a careful examination of the quartic and
quadratic divergences is necessary here. Using (153) and (154) one gets from
(55):
α
∂
∂α
Γ
[1]
gr,I ≃
1
2
1
16π2
∫
d4x
√−g(−4α
2
τ 2
+
5
3
R
iα
τ
) |τ≃0 (58)
where a conventional cut-off Λ can be introduced by the substitution
τ ≃ −i 1
Λ2
. (59)
From (57) one gets:
α
∂
∂α
Γ
[1]
gh ≃ −
1
2
1
16π2
∫
d4x
√−g(−4α
τ 2
+
5
3
R
i
√
α
τ
) |τ≃0 (60)
that does not cancel with (58) at general α. The two expressions contain
both quadratic and quartic divergences. 2
The expression (56) is also quadratically divergent, and its divergent part
is determined by first using the Ward identity (49), disregarding the second
term on the right hand side, and also the relation (47):
α
∂
∂α
Γ
[1]
gr,II ≃ −i
1
α
∫
d4x
∫ ∞
0
τdτGω′δ′(x)hgh,σ′µ(x′, x; 1
α
τ);ω′;δ′ |x′→x gµσ′ .
(61)
By means of (157) one then obtains from (61):
α
∂
∂α
Γ
[1]
gr,II ≃ −2α2
i
16π2
1
τ
|τ≃0
∫
d4x
√−gR. (62)
2Quartic divergences have the same order of magnitude as the divergences related to the
integral measure in the Lagrangian version of the path integral and should be considered
in connection with these. I am grateful to a referee for stressing this point.
12
The gauge dependence of the one-loop effective action of pure gravity (40)
is contained in the expressions (55), which is formally cancelled by the ghost
contribution (57), as well as in (56) that vanishes in an Einstein-flat space-
time with Gµν = 0 and where the gauge parameter dependence is expected
to be formally removed by the Vilkovisky construction. In the presence of
matter fields we expect that the gauge dependent part of the effective action
still contains (56), with the replacement Gµν → Gµν −T µν , where T µν is the
energy-momentum tensor of the background matter field.
We then work out the details of the Vilkovisky construction in quantum
gravity. This topic has previously been considered in [18], [23], [24]. We
here use the proper-time representation of the effective action, such that the
formal cancellation of (31) with (28) and (29) can be investigated on the
regularized level in this case.
When the effective action is extended by Vilkovisky and DeWitt’s method
to field configurations where the background field equations are not valid, new
terms are introduced in quantum gravity by (24), with:
S,hµν = −
1
κ
Gµν . (63)
In quantum gravity the field metric can be chosen as:
Ghµν(x),hλ′ρ′(x′) =
1
4
√−g(gµλ′gνρ′ + gνλ′gµρ′ − gµνgλ′ρ′)(x)δ(x, x′). (64)
For gravitational fluctuations hµν the transformation (35) determines by
means of (18) and (45):
Nαβ → N ξµ(x)ξν′ (x′) = iαk
∫ ∞
0
dτ
1
4
√−ghgh,µν′(x, x
′;αkτ)
1
4
√−g′ (65)
with k so far unspecified.
Using also (35) one now finds:
i
2
S[φ0],j∆[φ0]
nmRjα,nN
αβRkβγkm
→ 1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4tS,hµν(x)R
hµν(x)
ξω(y),hλρ(z)
N ξω(y)ξσ(w)Rhξη(u)ξσ(w)Gξη,αβ(u, t) < hαβ(t)hλρ(z) >
≃ −iαk
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthgh,
µσ′(x, x′; tαkτ)Gω′δ′(x′)
(hαω′σ′,µν(x
′, x; (1− t)τ);δ′ ;ν − 1
2
hαω′σ′,ν
ν(x′, x; (1− t)τ);δ′ ;µ
−1
2
(hαω′δ′,µν(x
′, x; (1− t)τ);σ′ ;ν − 1
2
hαω′δ′,ν
ν(x′, x; (1− t)τ);σ′ ;µ)) (66)
where the graviton propagator is:
< hµν(x)hξ′η′(x
′) >=
∫ ∞
0
dτ
1
4
√−gh
α
µν,ξ′η′(x, x
′; τ)
1
4
√−g′ . (67)
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(66) vanishes in the Landau-DeWitt gauge (the limit α = 0) by the Ward
identity (49), where only the first hand on the right-hand side is kept. Re-
quiring that (66) cancels with (56) fixes k at −1; at other values of k there
is formally still cancellation as seen by introducing τ1 = tτ, τ2 = (1 − t)τ
and performing a rescaling of τ1. However, this argument is upset by the
quadratic divergences of the two expressions. Evaluating the quadratic di-
vergence of (66) at general k in the same way as (62) by means of (47) one
finds:
− 1
16π2
iα2
1− α−2(k+1)
1− αk+1
1
τ
|τ≃0
∫
d4x
√−gR (68)
that only cancels (62) at k = −1, showing that the requirement that (66)
cancels with (56) also for quadratic divergences is a nontrivial one.
The Christoffel connection in field space is:
Γhσω(x)hµν(y),hλρ(z)
=
1
4
(
δ(σω)
(µν)gλρ + δ(σω)
(λρ)gµν − δ(σω) (νρ)gµλ − δ(σω)(νλ)gµρ − δ(σω) (µρ)gνλ
−δ(σω) (µλ)gνρ + g(µν)(λρ)gσω − 1
2
gµνgλρgσω
)
(y)δ(x, y)δ(y, z) (69)
with:
δ(µν)
(σω) =
1
2
(δµ
σδν
ω + δν
σδµ
ω), g(µν)(λρ) =
1
2
(gµλgνρ + gµρgνλ). (70)
From (65) follows that the projection operator Πmn defined in (19) in this
case is:
Πmn → Πhµν(x)hλρ(y) = δ(µν)(λρ)δ(x, y)
−i4√−g 1√
α
< (ξµ;ν + ξν;µ)(x)
1
2
(ξ¯λ ;
ρ + ξ¯ρ;
λ − gλρξ¯σ;σ)(y) >4
√−g
(71)
where the ghost propagator is:
< ξµ(x)ξ¯ν(y) >=
1√
α
∫ ∞
0
dτ
1
4
√−ghgh,µ,ξ′(x, x
′;
1
α
τ)
1
4
√−g′ . (72)
Applying this projection operator upon the graviton propagator one obtains
the graviton propagator in the Landau-DeWitt gauge. From (24) one gets
by (69):
− i
2
S[φ0],mΓ
m
kl[φ0]Π
k
r∆[φ0]
rsΠls
→ 1
8
∫
d4x
√−gGσω(x) < hµν(x)hλρ(x) >
(
δ(σω)
(µν)gλρ + δ(σω)
(λρ)gµν − δ(σω) (νρ)gµλ − δ(σω)(νλ)gµρ − δ(σω) (µρ)gνλ − δ(σω) (µλ)gνρ)
+g(µν)(λρ)gσω − 1
2
gµνgλρgσω
)
(73)
with the graviton propagator in the Landau-DeWitt gauge. This expres-
sion has no quadratic divergence in four dimensions by (158). There is no
contribution to the effective action in this case from the final term in (24).
14
4 The Maxwell-Einstein system
4.1 Maxwell field in a curved background
The Maxwell field Aµ has the action:
SM =
∫
d4x
√−ggµλgνρ(−1
4
FµνFλρ); Fµν = ∂µAν − ∂νAµ. (74)
Here Aµ can be considered a covariant vector with the following transforma-
tion rule under infinitesimal coordinate transformations:
δAµ = κ(ξ
λ
;µAλ + ξ
λAµ;λ) +O(κ
2). (75)
(74) gets by the splitting (34) the additional term:
S
(1)
M =
1
κ
∫
d4x
√−ghµνT µν (76)
where the energy-momentum tensor T µν is:
T µν =
κ2
2
(F µλF νλ − 1
4
gµνF λρFλρ). (77)
At second order in κ one gets from (74):
S
(2)
M = κ
2
∫
d4x
√−ghωτhισ(1
8
gωτ (F ιλF
σλ − 1
4
gισF µνFµν) +
1
16
gωιgστF µνFµν
+
1
8
gωτF ιλF
σλ − 1
4
F ωιF τσ − 1
2
gσωF ιλF
τλ). (78)
No splitting of the Maxwell field Aµ into a background field and an interacting
field has been carried out yet. The gauge breaking action of the Maxwell field
is:
SM,GB =
∫
d4x
√−g(−1
2
1
β
(Aµ;
µ)2) (79)
with the gauge parameter β > 0, and the corresponding ghost action:
SM,FP =
1√
β
∫
d4x
√−gc¯(c,µ+κ(ξλ ;µAλ + ξλAµ;λ));µ (80)
with c a scalar ghost and c¯ the corresponding antighost.
The photon heat kernel hβµ,ξ′(x, x
′; τ) is defined by:
i
∂
∂τ
h
β
µ,ξ′(x, x
′; τ) + hβµ,ξ′(x, x
′; τ);σ;
σ
−Rµνhβν,ξ′(x, x′; τ)− (1−
1
β
)hβν,ξ′(x, x
′; τ);
ν
;µ = 0 (81)
where the boundary condition is:
h
β
µ,ξ′(x, x
′; 0) = gµξ′δ(x, x
′). (82)
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Also the scalar heat kernel h(x, x′; τ) is defined by:
i
∂
∂τ
h(x, x′; τ) + h(x, x′; τ);σ;
σ = 0; h(x, x′; 0) = δ(x, x′). (83)
From (81) follows:
i
∂
∂τ
h
β
µ,ξ′(x, x
′; τ);
µ +
1
β
h
β
µ,ξ′(x, x
′; τ);
µ
;σ;
σ = 0 (84)
the solution of which is the following Ward identity:
h
β
µ,ξ′(x, x
′; τ)µ; = −h(x, x′;
1
β
τ);ξ′ (85)
obtained by comparison of (83) and (84) and by taking the boundary condi-
tions into account. Also (85) combined with (83) imply (cp. [25] eq. (2.23)):
h
β
µ,ξ′(x, x
′; τ) = hµ,ξ′(x, x
′; τ)− i
∫ 1
β
τ
τ
dτ ′h(x, x′; τ ′);µ;ξ′ (86)
where hµ,ξ′(x, x
′; τ) is the heat kernel for β = 1.
The Maxwell field one-loop action in an arbitrary curved background is:
Γ
[1]
M = −
i
2
∫ ∞
0
dτ
τ
∫
d4xhβµ,
µ(x, x; τ) (87)
with the gauge dependence according to (86):
β
∂
∂β
Γ
[1]
M =
i
2
∫ ∞
0
dτ
∫
d4x
∂
∂τ
h(x, x;
1
β
τ). (88)
Also, the ghost action is here:
Γ
[1]
M,gh = i
∫ ∞
0
dτ
τ
∫
d4xh(x, x;
1√
β
τ) (89)
with:
β
∂
∂β
Γ
[1]
M,gh = −
i
2
∫
d4x
∫ ∞
0
dτ
∂
∂τ
h(x, x;
1√
β
τ) (90)
that formally cancels with (88) by a rescaling of τ but where the cancellation
is upset by divergent terms. The determination of these divergent terms is
carried out by (153) and (155) in the same way as for (58) and (60), and one
gets from (88):
β
∂
∂β
Γ
[1]
M ≃
1
2
1
16π2
(−β
2
τ 2
+
1
6
R
iβ
τ
) |τ≃0 (91)
and from (90):
β
∂
∂β
Γ
[1]
M,gh ≃ −
1
2
1
16π2
(− β
τ 2
+
1
6
R
i
√
β
τ
) |τ≃0 (92)
that do not cancel at general values of β.
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4.2 Gauge dependence at order κ2 of Maxwell-Einstein
theory
In the Maxwell action SM a background field Aµ is introduced, with the
corresponding field strength Fµν = ∂µAν − ∂νAµ, with:
Fµν;µ = 0 (93)
and the field Aµ is split according to:
Aµ → Aµ + Aµ (94)
with Aµ still the quantum field. The two-point correlation function is:
< Aµ(x)Aλ′(x
′) >=
∫ ∞
0
dτ
1
4
√−gh
β
µλ′(x, x
′; τ)
1
4
√−g′ . (95)
The identity (33) makes it straightforward to carry out a perturbation
expansion of the effective action in the proper-time representation. At second
order in κ there is a two-point function term by (76):
Γ
[1]
EM,I =
i
2
κ2
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthαµν,ξ′η′(x, x
′; tτ)(hβρδ′(x, x
′; (1− t)τ);λ;γ′
−hβργ′(x, x′; (1− t)τ);λ;δ′ − hβλβ′(x, x′; (1− t)τ);ρ;α′ + hβλγ′(x, x′; (1− t)τ);ρ;δ′)
(gνλFµρ − 1
4
gµνFλρ)(x)(gη′γ′F ξ′δ′ − 1
4
gξ
′η′Fγ′δ′)(x′). (96)
This expression has a quadratic divergence at α = 1 by (159):
Γ
[1]
EM,I ≃ −
3
2
i
16π2
1
τ
|τ≃0 κ2
∫
d4x
√−gFµνFµν(x). (97)
Also there is to this order a tadpole term by (78):
Γ
[1]
EM,II = κ
2
∫
d4x
∫ ∞
0
dτhαωτ,ισ(x, x; τ)(
1
8
gωτ (F ιλFσλ − 1
4
gισFµνFµν)
+
1
16
gωιgστFµνFµν + 1
8
gωτF ιλFσλ − 1
4
FωιF τσ − 1
2
gσωF ιλF τλ) (98)
with the quadratically divergent part at α = 1 by (158):
Γ
[1]
EM,II ≃
3
4
i
16π2
1
τ
|τ≃0 κ2
∫
d4x
√−gFµνFµν(x). (99)
(96) does not depend on the gauge parameter β, and the dependence on
α is in the lowest approximation found from (52):
α
∂
∂α
Γ
[1]
EM,I ≃ −
1
2
1
α
κ2
∫
d4x
∫
d4x′
∫
d4x′′
∫ ∞
0
τ 2dτ
∫ 1
0
dtdudvδ(1− t− u− v)
hghµυ′′(x, x
′′; t
1
α
τ)gυ
′′ω′′(x′′)(hασ′′ω′′,ξ′η′(x
′′, x′; uτ);
σ′′ − 1
2
hασ′′
σ′′
,ξ′η′(x
′′, x′; uτ);ω′′)
(hβρδ′(x, x
′; vτ);λ;
λ
;γ′ − hβργ′(x, x′; vτ);λ;λ ;δ′ − hβλδ′(x, x′; vτ);ρ;λ ;γ′ + hβλγ′(x, x′; vτ);ρ;λ ;δ′)
Fµρ(x)(F ξ′δ′gη′γ′ − 1
4
gξ
′η′Fγ′δ′)(x′). (100)
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Using (81) in connection with:
hλβ′(x, x
′; τ);
λ
;ρ;α′ − hλα′(x, x′; τ);λ ;ρ;β′ = 0, (101)
following from (85), one gets from (100) two terms:
α
∂
∂α
Γ
[1]
EM,I →
1
2
1
α
iκ2
∫
d4x
∫
d4x′
∫
d4x′′
∫ ∞
0
dτ
∂
∂τ
τ 2
∫ 1
0
dtdudvδ(1− t− u− v)
hghµυ′′(x, x
′′; t
1
α
τ)gυ
′′ω′′(x′′)(hασ′′ω′′,ξ′η′(x
′′, x′; uτ);
σ′′ − 1
2
hασ′′
σ′′
,ξ′η′(x
′′, x′; uτ);ω′′)
(hβρδ′(x, x
′; vτ);γ′ − hβργ′(x, x′; vτ);δ′)Fµρ(x)(F ξ
′δ′gη
′γ′ − 1
4
gξ
′η′Fγ′δ′)(x′) (102)
and also, using the Bianchi identity and the field equation of the background
gauge field:
α
∂
∂α
Γ
[1]
EM,I → −
1
2
1
α
iκ2
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthghµυ′(x, x
′; t
1
α
τ);γg
υ′ω′(x′)
(hασ′ω′,ξη(x
′, x; (1− t)τ);σ′ − 1
2
hασ′
σ′
,ξ′η′(x
′, x; (1− t)τ);ω′)
gρδFµρ(x)(F ξδgηγ −F ξγgηδ − 1
2
gξηFγδ)(x)
−1
4
1
α
iκ2
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthghµυ′(x, x
′; t
1
α
τ)gυ
′ω′(x′)
(hασ′ω′,ξη(x
′, x; (1− t)τ);σ′ − 1
2
hασ′
σ′
,ξ′η′(x
′, x; (1− t)τ);ω′)
(F ξρFηρ − 1
4
gξηFρλFρλ);µ(x). (103)
Turning to (98) one gets by (52):
α
∂
∂α
Γ
[1]
EM,II ≃ −
1
α
iκ2
∫
d4xd4x′
∫ ∞
0
τdτ
∫ 1
0
dthgh,ω
ρ′(x, x′; t
1
α
τ);υ
(hασ′ρ′,ξη(x
′, x; (1− t)τ);σ′ − 1
2
hασ′
σ′
,ξη(x
′, x; (1− t)τ);ρ′)
(
1
4
gωυ(F ξλFηλ − 1
4
gξηFλǫFλǫ) + 1
8
gωξgυηFλǫFλǫ + 1
4
gξηFωλFυλ − 1
2
FωξFυη
−1
2
gωξFυλFηλ − 1
2
gυξFωλFηλ)(x) (104)
and adding (103) and (104) to (56) one finally gets:
α
∂
∂α
Γ[1] → i 1
α
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthgh,
µσ′(x, x′; t
1
α
τ)(Gω′δ′ − T ω′δ′)(x′)
(hαω′σ′,µν(x
′, x; (1− t)τ);δ′ ;ν − 1
2
hαω′σ′,ν
ν(x′, x; (1− t)τ);δ′ ;µ
−1
2
(hαω′δ′,µν(x
′, x; (1− t)τ);σ′ ;ν − 1
2
hαω′δ′,ν
ν(x′, x; (1− t)τ);σ′ ;µ)) (105)
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with T µν the background gauge field energy-momentum tensor, i. e. the
Einstein tensor Gµν in (56) gets the additional term −T µν when the gravita-
tional field is coupled to an Abelian gauge field. It has been verified that this
conclusion also holds for a non-Abelian gauge field, but the proof is not in-
cluded in this article. The quadratic divergence of (105) is still given by (62)
because the trace of the Maxwell field energy-momentum tensor vanishes in
four dimensions.
Finding the quadratic divergence of (102) one uses the Ward identity (49),
keeping only the first term on the right hand side, in connection with (47),
obtaining by a partial integration:
1
2
1
α
iκ2
∫
d4x
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ 2
∫ 1
0
tdthghµξ′(x, x
′; t
1
α
τ)
(hβρδ′(x, x
′; (1− t)τ);γ′;η′ − hβργ′(x, x′; (1− t)τ);δ′;η′)
Fµρ(x)(F ξ′δ′gη′γ′ + Fη′δ′gξ′γ′ − 1
2
gξ
′η′Fγ′δ′)(x′). (106)
(106) is evaluated by (160) and contains the quadratic divergence:
− 3
8
α
i
16π2
1
τ
|τ→0 κ2
∫
d4x
√−gFµνFµν(x). (107)
Inserting (107) in (102), integrating and adding (97) and (99) one obtains:
− 3
8
(1 + α)
i
16π2
1
τ
|τ→0 κ2
∫
d4x
√−gFµνFµν(x) (108)
in agreement with Toms [10], [11] when the proper time τ is converted to
a temperature T by taking it imaginary. However, it should be kept in
mind that the expression (102), which is responsible for the gauge parameter
dependence of (108), contains a total derivative in the proper time integral
and thus is in the same category as (55) and (57), where the gauge dependence
was not removed by the Vilkovisky construction. This is the case also for
(102) as discussed in the following section.
4.3 Vilkovisky’s construction in Maxwell-Einstein the-
ory
In Maxwell-Einstein theory (63) is replaced by:
S,hµν = −
1
κ
(Gµν − T µν). (109)
In (66) and (73) one thus has to carry out the replacement Gµν → Gµν−T µν ,
and adding (66) after this replacement to (105) with the parameter k fixed
at −1 one removes the dependence on the gauge parameter α. Thus the
Vilkovisky construction of quantum gravity is sufficient to remove the gauge
dependence also of the full Einstein-Maxwell system in lowest order, without
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additional modifications. The vanishing of the quadratic divergence of (73)
persists after the replacement, and the gauge parameter dependence of (108)
is not eliminated through the Vilkovisky construction.
For the Maxwell field one has:
RAµ(x)c(y) ≃ δ(x, y),µ, (110)
and the field metric is:
GAµ(x)Aν(y) =
√−ggµν(x)δ(x, y). (111)
The projection operator Πmn corresponding to the Maxwell field is in lowest
order, cp. (71):
Πρµ′(x, x
′) = ΠAρxAµ′ (x′) = gρα′δ(x, x
′)− i4√−g 1√
β
< c(x),ρc¯(x
′),µ′ >
4
√
−g′
(112)
with the ghost propagator expressed in terms of the scalar heat kernel defined
in (83):
< c(x)c¯(x′)) >=
1√
β
∫ ∞
0
dτ
1
4
√−gh(x, x
′;
1
β
τ)
1
4
√−g′ . (113)
This operator projects from the photon propagator in an arbitrary gauge the
transverse photon propagator. From (74) and (79) follows for the two-point
function:
< Fλρ;
λ(x)Aµ′(x
′) >= i
1
4
√−gΠρµ′(x, x
′)
1
4
√−g′ . (114)
The Christoffel connection components are:
Γgρσ(x)Aµ(y)Aν (z) = κ
2δ(σω)
(µν)δ(x, y)δ(y, z). (115)
From (24) one thus gets the connection coupling term in the effective action:
1
2
∫
d4x
√−g(Gµν − T µν)(x) < Aµ(x)Aν(x) > (116)
with a transverse photon propagator, and with the quadratic divergence:
3
2
i
16π2
1
τ
|τ≃0
∫
d4x
√−gR (117)
with R the scalar curvature and with no contribution from the background
gauge field.
4.4 General gauge fixing
The gauge breaking action (38) can be generalized to:
SGB = −1
2
1
α
∫
d4x
√−ggµνχµχν (118)
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with:
χµ = hµν;
ν − 1
2
gνσhνσ;µ + κ(ω1AµAλ ;λ + ω2FλµAλ) (119)
where ω1 and ω2 are new gauge parameters. This gives rise to new couplings:
− 1
α
κ
∫
d4x
√−ggµν(hµλ;λ − 1
2
hλλ;µ)(ω1AνAρ ;ρ + ω2FρνAρ) (120)
and:
− 1
2
1
α
κ2
∫
d4x
√−ggµν(ω1AµAλ ;λ+ω2FλµAλ)(ω1AνAρ ;ρ+ω2FρνAρ). (121)
The corresponding ghost action replacing (39) and (80) is, keeping only terms
relevant at one-loop order:
SFP =
1√
α
∫
d4x
√−gξ¯µ
(
ξµ;ν;
ν +Rµνξ
ν + κ(ω1Aµc,κ ;κ + ω2Fλµc;λ)
+κ2(ω1Aµ((ξλAλ),ρ + ξλFλρ);ρ + ω2Fρµ((ξλAλ);ρ + ξλFλρ))
)
+
1√
β
∫
d4x
√−gc¯(c,µ + κ((ξλAλ),µ + ξλFλµ));µ. (122)
A new one-loop term in the effective action of order κ2 is by (120):
i
2
1
α2
κ2
∫
d4x
√−g
∫
d4x′
√
−g′ < (hµν;ν − 1
2
hν ν;µ)(x)(hλ′ρ′;
ρ′ − 1
2
hρ
′
ρ′;λ′)(x
′) >
< (ω1AµAσ ;σ + ω2FσµAσ)(x)(ω1Aλ′Aγ′ ;γ′ + ω2Fγ′λ′Aγ′)(x′) > . (123)
(123) is expressed in the proper time representation and the Ward identity
(49) is applied, disregarding the last term containing the Einstein tensor.
Then (123) is:
− i
2
1
α2
κ2
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dt(hgh,λ′µ(x
′, x;
1
α
tτ);ρ′;
ρ′ +Rλ′ρ′hgh,
ρ′
µ(x
′, x;
1
α
tτ))
(ω21Aµ(x)Aλ
′
(x′)hβ,σγ
′
(x, x′; (1− t)τ);σ;γ′ + ω22Fσµ(x)Fγ
′λ′(x′)hβσγ′(x, x
′; (1− t)τ)
+2ω1ω2Aµ(x)Fγ′λ′(x′)hβσγ′(x, x′; (1− t)τ);σ) (124)
containing two terms by (45)-(46):
−1
2
1
α
κ2
∫
d4x
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dthgh,λ′µ(x
′, x;
1
α
tτ)
(ω21Aµ(x)Aλ
′
(x′)hβ,σγ
′
(x, x′; (1− t)τ);σ;γ′ + ω22Fσµ(x)Fγ
′λ′(x′)hβσγ′(x, x
′; (1− t)τ)
+2ω1ω2Aµ(x)Fγ′λ′(x′)hβσγ′(x, x′; (1− t)τ);σ) (125)
and:
1
2
1
α
κ2
∫
d4x
√−ggµν < (ω1AµAλ ;λ+ω2FλµAλ)(x)(ω1AνAρ ;ρ+ω2FρνAρ)(x) > .
(126)
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(125) contains an integral of a total derivative in the proper-time variable τ
in the same way as (102) and only has quartical and quadratically divergent
terms, and it should be disregarded formally; its gauge parameter dependence
is not removed through the Vilkovisky construction. Also we get from (121):
−1
2
1
α
κ2
∫
d4x
√−ggµν < (ω1AµAλ ;λ+ω2FλµAλ)(x)(ω1AνAρ;ρ+ω2FρνAρ)(x) >
(127)
that cancels (126).
Also there is a cross term from (76) and (120):
−iω2
α
κ2
∫
d4x
√−g
∫
d4x′
√
−g′ < (hµν;ν − 1
2
hν ν;µ)(x)hλ′ρ′(x
′) >
Fσµ(x)(gλ′γ′Fρ′δ′ − 1
4
gλ
′ρ′Fγ′δ′)(x′) < Aσ(x)Fγ′δ′(x′) > . (128)
Here the proper time representation again is used, combined with the Ward
identity (49) with the term containing the Einstein tensor disregarded, with
the result obtained by partial integration:
−iω2
α
κ2
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthgh,ρ′µ(x
′, x;
1
α
tτ)Fσµ(x)Fρ′δ′(x′)
(hβσδ′(x, x
′; (1− t)τ);γ′ ;γ′ − hβσγ′(x, x′; (1− t)τ);δ′;γ′) (129)
with two terms by (81) and (82) and the Ward identity (85):
−ω2
α
κ2
∫
d4x1
∫
d4x2
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dthgh,ρ′µ(x
′, x;
1
α
tτ)Fσµ(x)Fρ′δ′(x′)
h
β
σδ′(x, x
′; (1− t)τ) (130)
and:
ω2
α
κ2
∫
d4x
∫ ∞
0
dτhgh,ρµ(x, x;
1
α
τ)Fσµ(x)Fρσ(x)
−i ω2
αβ
κ2
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthghρ′µ(x
′, x;
1
α
tτ)Fσµ(x)Fρ′δ′(x′)
h(x, x′;
1
β
(1− t)τ);σ;δ′ . (131)
(130) is again an expression like (102), containing a proper-time integral of
a total differential.
From the ghost action (122) one gets the new one-loop contributions to
the effective action:
i
ω1√
αβ
κ2
∫
d4xAµ(x)
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dth(x, x′;
tτ√
β
);ρ;
ρ
;
ν′
(Aλ′(x′)hgh,λ′µ(x′, x; (1− t)τ√
α
);ν′ +Aν′;λ′(x)hgh,λ′µ(x′, x; (1− t)τ√
α
))
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− ω1√
α
κ2
∫
d4xAµ(x)(Aλ′(x′)hgh,λ′µ(x′, x; (1− t)τ√
α
);ν′
+Aν′;λ′(x′)hgh,λ′µ(x′, x; (1− t)τ√
α
));
ν′ |x′→x
≃ ω1√
α
κ2
∫
d4xAµ(x)
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dth(x, x′;
tτ√
β
);
ν′
(Aλ′(x′)hgh,λ′µ(x′, x; (1− t)τ√
α
);ν′ +Aν′;λ′(x′)hgh,λ′µ′(x′, x; (1− t)τ√
α
))
(132)
and:
−i ω2√
αβ
κ2
∫
d4xFρµ(x)
∫
d4x′Aλ′(x′)
∫ ∞
0
τdτ
∫ 1
0
dth(x, x′;
1√
β
tτ);ρ;ν′;
ν′
hgh
λ′µ(x′, x;
1√
α
(1− t)τ)
+
ω2√
α
κ2
∫
d4xFρµ(x)Aλ(x)hgh,λµ′(x′, x; τ);ρ |x′→x
≃ − ω2√
α
κ2
∫
d4xFρµ(x)
∫
d4x2Aλ′(x′)
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dth(x, x′;
tτ√
β
);ρ
hgh
λ′µ(x′, x;
(1− t)τ√
α
) (133)
by (83), which again are of the same type as (102), with a proper time integral
of a total derivative. The final effective action term arising from (122) is:
− ω2√
α
κ2
∫
d4x
∫ ∞
0
dτhgh,ρµ(x, x;
1√
α
τ)Fσµ(x)Fρσ(x)
+i
ω2√
αβ
κ2
∫
d4x
∫
d4x′
∫ ∞
0
τdτ
∫ 1
0
dthgh,ρ′µ(x
′, x;
1√
α
tτ)Fσµ(x)Fρ′δ′(x′)
h(x, x′;
1√
β
(1− t)τ);σ;δ′ . (134)
In (131) and (134) one can introduce new variables τ1 = tτ and τ2 = (1− t)τ .
Then the two expressions cancel formally by rescaling of the variables τ , τ1
and τ2. However, this argument is invalidated by quadratic divergences. This
is similar to the imperfect cancellation between (55) and (57) and between
(88) and (90).
The additional terms in a general gauge are (123), (127), (128), (132),
(133) and (134), where the three first terms are modified into the sum of
(125), (130) and (131). Formally the sum of these expressions vanishes, but
in the proper time representation with the proper time integrals regularized
by a lower cut-off the vanishing of the sum is upset by quartic and quadratic
divergences. The values of (125), (130), (132) and (133) and the difference
between (131) and (134) are all determined in Appendix A.
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When using the Ward identity (49) we have disregarded the term on
the right-hand side containing the Einstein tensor Gµν . When including this
term in the calculations reported in this section and also terms of fourth
order in κ one generates new terms of the effective action containing one
power of the combination Gµν − T µν , with T µν the background gauge field
energy-momentum tensor. The gauge parameter dependence of these terms
is removed by the Vilkovisky construction in next-lowest order. The calcu-
lation is lengthy, but is important for the use of the Landau-DeWitt gauge
condition; an outline is given in Appendix B.
5 Momentum space integrals
The flat-space propagators in D dimensions are:
< hµν(x)hλ′ρ′(x
′) >=
∫
dDk
(2π)D
eik(x−x
′) −i
k2 − iǫ
(
gµλ′gνρ′ + gνλ′gµρ′ − 2
D − 2gµνgλ′ρ′
−(1− α) 1
k2
(kµkλ′gνρ′ + kνkλ′gµρ′ + kµkρ′gνλ′ + kνkρ′gµλ′)
)
(135)
as well as:
< Aµ(x)Aλ′(x
′) >=
∫
dDk
(2π)D
eik(x−x
′) −i
k2 − iǫ(ηµλ′ − (1− β)
1
k2
kµkλ′) (136)
and also:
< ξµ(x)ξ¯ν′(x
′) >=
√
α
∫
dDk
(2π)D
eik(x−x
′) −i
k2 − iǫηµν′ (137)
with the Ward identity:
< (∂µhµν − 1
2
∂νh
µ
µ)(x)hλ′ρ′(x
′) >
= α
∫
dDk
(2π)D
eik(x−x
′) −i
k2 − iǫ i(kλ′ηρ′ν + kρ′ηλ′ν)
= −√α < (∂λ′ξρ′ + ∂ρ′ξλ′)(x′)ξν(x) > (138)
that has the immediate consequence:
< (∂µhµν − 1
2
∂νh
µ
µ)(x)(∂
λ′hλ′ρ′ − 1
2
∂ρ′h
λ′
λ′(x
′) >= −iαηνρ′δ(x−x′). (139)
At D = 4 one gets from (96) when converting it to a momentum space
integral:
1
2
(
3
D′
+ (1− 1
D′
)α)κ2
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµν(x)Fµν(x). (140)
Here was used: ∫
dDk
(2π)D
f(k2)kµkν =
1
D′
∫
dDk
(2π)D
f(k2)k2 (141)
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with f(k2) arbitrary, where possibly D′ 6= D for quadratic divergences. In
[14] and [15] it was argued that the value D′ = 2 should be used. Also one
gets from (98) for D = 4:
− 3
4
κ2(1− 2
D′
(1− α))
∫
d4xFµνFµν(x)
∫
d4k
(2π)4
−i
k2 − iǫ . (142)
The sum of (140) and (142) at general D′ is:
(3− 2α)( 1
D′
− 1
4
)κ2
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµν(x)Fµν(x) (143)
in agreement with Tang and Wu [15].
(143) vanishes at D′ = 4, and we have thus reproduced Pietrykowski’s
result [5], that the linear divergences of the effective action cancel for all
values of α. Taking instead D′ = 2 one gets from (143):
1
4
(3 + α)κ2
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµν(x)Fµν(x). (144)
in agreement with He, Wang and Xianyu [14].
(143) is considered in connection with (66) converted to a momentum
space integral with the replacement Gµν → Gµν − T µν , where T µν is the
background gauge field energy-momentum tensor, and from which one gets
at D = 4:
2α(
1
D′
− 1
4
)κ2
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµνFµν(x) (145)
where the sum indeed is independent of α:
3(
1
D′
− 1
4
)κ2
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµν(x)Fµν(x). (146)
The contributions arising from the Vilkovisky connections (73) and (116)
are, keeping in mind that the propagators are transverse:
−( 1
D′
− 1
4
)κ2
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµνFµν(x) (147)
and:
(
1
D′
− 1
4
)
κ2
4
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµνFµν(x) (148)
in agreement with Tang and Wu [15]. The sum of (146), (147) and (148) is:
9
4
(
1
D′
− 1
4
)κ2
∫
d4k
(2π)4
−i
k2 − iǫ
∫
d4xFµν(x)Fµν(x). (149)
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Here a cut-off Λ is introduced in the momentum integral:
∫
d4k
(2π)4
−i
k2 − iǫ ≃
1
16π2
Λ2 (150)
and the sign of the coefficient in (149) indicates at D′ < 4 asymptotic free-
dom. At D′ = 4 there is no effect.
In flat space and through use of direct momentum space integration with-
out use of the proper time representation the contributions in general gauges
with gauge parameters ω1, ω2 can be arranged to cancel out. It is first verified
that (123) and (127) cancel each other. They are in flat space:
iκ2
1
2
1
α2
∫
d4x
∫
d4x′ < (∂νhµν − 1
2
∂µh
ν
ν)(x)(∂
ρ′hλ′ρ′ − 1
2
∂λ′h
ρ′
ρ′)(x
′) >
< (ω1Aµ∂σAσ + ω2FσµAσ)(x)(ω1Aλ′∂γ′Aγ′ + ω2Fγ′λ′Aγ′)(x′) >
(151)
and:
−κ21
2
1
α
∫
d4xgµν < (ω1Aµ∂λAλ+ω2FλµAλ)(x)(ω1Aν∂ρAρ+ω2FρνAρ)(x) >
(152)
that cancel immediately by application of (139).
While (152) is a tadpole term, (151) in momentum space is a two-point
self energy integral with the same structure as, for instance, the standard
one-loop vacuum polarization integral of quantum electrodynamics. For the
latter, one has to chose a regularization scheme that keeps the vacuum po-
larization tensor transverse. This parallels the requirement that the regu-
larization of (151) when converted to a momentum space integral should be
carried out in such a way that (139) still applies, making the cancellation be-
tween (151) and (152) possible. This state of affairs should be compared to
that found by proper time regularization, where the sum of (123) and (127)
is given by (125) containing quadratic and quartic divergences evaluated in
Appendix A (the three expressions (164), (165) and (166)).
In a similar way as (151) cancels with (152) by momentum space integra-
tion, (128) cancels with (134), when converted to momentum space integrals,
through the Ward identity (138), which must be kept valid in the regular-
ization procedure. The expressions corresponding to (132) and (133) vanish
separately in momentum space.
Momentum space integration seems better off as a regularization pro-
cedure compatible with the Vilkovisky construction than the proper-time
representation with a lower cut-off in the proper time integral. On the other
hand, the proper-time representation allows a direct verification of the re-
moval of the gauge parameter dependence from the finite and logarithmically
dependent part of the effective action. Perhaps a cut-off procedure could be
found for the proper-time integrals that is modeled after that of momentum
space integration.
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6 Conclusion
The following new results have been obtained in this article: The Vilkovisky
construction was reconsidered and criteria for the applicability of a regular-
ization scheme in this context were found. Also, the proper-time represen-
tation of the effective action of one-loop quantum gravity was constructed
for general gauges, the gauge parameter dependence was investigated, and
it was found that the Vilkovisky construction removes from it the finite and
logarithmically divergent part but fails to do so from the quadratic and quar-
tic divergences, and these conclusions were extended to the Maxwell-Einstein
system. Using momentum-space integration in flat space instead it was found
that these defects could be remedied for the Maxwell-Einstein system, sug-
gesting that a modified cut-off procedure of the proper-time integrals should
be chosen.
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A Heat kernel expansion
The ghost heat kernel defined by (45) and (46) has the expansion [13]:
hghµξ′(x, x
′; τ) =
−i
16π2
1
τ 2
ei
σ
2τ∆
1
2
∞∑
n=0
an,ghµξ′(x, x
′)(iτ)n (153)
where σ is the geodesic interval between x and x′ and ∆ is the so-called Van
Vleck determinant. At coinciding points one has:
a0,gh,µν′(x, x
′) |x′→x= gµν , , a1,gh,µν′(x, x′) |x′→x≃ −R
6
gµν − Rµν . (154)
For the scalar heat kernel h(x, x′; τ) defined by (83) a corresponding expan-
sion applies, with:
a0(x, x
′) |x′→x= 1, a1(x, x′) |x′→x −R
6
. (155)
Also:
σ;λ;ρ′ ≃ −gλρ′ (156)
for x′ ≃ x. Hence it follows from (153):
hghµξ′(x, x
′; τ);λ;ρ′ = −gλρ′ 1
32π2τ 3
ei
σ
2τ∆
1
2
∞∑
n=0
an,ghµξ′(x, x
′)(iτ)n + · · · (157)
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where the remaining terms vanish at coinciding points. The graviton heat
kernel hαµν,ξ′η′(x, x
′; τ) is by (53) and (154):
hαµν,ξ′η′(x, x
′; τ) =
−i
16π2
1
τ 2
ei
σ
2τ∆
1
2 (α(gµξ′gνη′+gµη′gνξ′)−gµνgξ′η′)+· · · . (158)
The leading divergence of (96) at α = 1 is determined by the quantity:
∫
d4x′
∫ 1
0
dthαµν,ξ′η′(x, x
′; tτ) |α=1 (gη′γ′F ξ′δ′ − 1
4
gξ
′η′Fγ′δ′)(x′)
(hβρδ′(x, x
′; (1− t)τ);λ;γ′ − hβργ′(x, x′; (1− t)τ);λ;δ′ − hβλβ′(x, x′; (1− t)τ);ρ;α′
+hβλγ′(x, x
′; (1− t)τ);ρ;δ′)
≃ − 1
16π2τ 3
√−g(gµξgνη + gµηgνξ − gµνgξη)(gηγF ξδ − 1
4
gξηFγδ)(x)
(gρδgλγ − gλδgργ) (159)
where the evaluation for simplicity can be carried out in flat space by Fourier
transformation. In (106) one encounters:
∫
d4x
∫ 1
0
tdthghµξ′(x, x
′; t
1
α
τ)Fµρ(x)
(hβρδ′(x, x
′; (1− t)τ);γ′;η′ − hβργ′(x, x′; (1− t)τ);δ′;η′)
≃ α
2
4
1
16π2τ 3
√−g(gγ′η′Fξ′δ′ − gδ′η′Fξ′γ′)(x′) (160)
where the evaluation again most simply is carried out in flat space.
The effective action in a general gauge in the heat-kernel representation
also contains the nonvanishing expressions (125), (130), (132) and (133).
They all contain a total derivative in the proper time integral and vanish
in a formal sense in the same way as (102). Nevertheless, they contain
quartic or quadratic divergences. Also the effective action contains (131)
and (134), which cancel formally, but in fact have a quadratically divergent
sum depending on the gauge parameters. The evaluation of these quantities
is sketched below; the calculation is most simply carried out in flat space and
leads to the following intermediary results:
∫
d4x′
∫ 1
0
dthgh,ηµ′(x, x
′;
1
α
tτ)Fµ′λ′(x′)hβλ′β(x′, x; (1− t)τ)
≃ −1
4
α(3 + β)
i
16π2τ 2
Fηβ(x) (161)
and also:
∫
d4x′′
∫ 1
0
dthgh,µλ′′(x, x
′′;
1
α
tτ)Aλ′′(x′′)h(x′′, x′; 1
β
(1− t)τ)
≃ −αβ i
16π2τ 2
Aµ(x) (162)
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that implies:
∫
d4x′′
∫ 1
0
dthgh,µλ′′(x, x
′′;
1
α
tτ)Aλ′′(x′′)h(x′′, x′; 1
β
(1− t)τ),ν′
≃ −1
2
αβ
i
16π2τ 2
Aµ,ν′(x). (163)
(125) is by the Ward identity (85) the sum of three terms:
−1
2
ω22
α
κ2
∫
d4x
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dthgh,λ′µ(x
′, x;
1
α
tτ)
Fσµ(x)Fγ′λ′(x′)hβσγ′(x, x′; (1− t)τ)
≃ −1
8
(3 + β)ω22
i
16π2
1
τ
|τ≃0 κ2
∫
d4x
√−gFµνFµν(x) (164)
by (161), and also:
ω1ω2
α
κ2
∫
d4x
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dthgh,λ′µ(x
′, x;
1
α
tτ)
Aµ(x)Fγ′λ′(x′)h(x, x′; 1
β
(1− t)τ);γ′
≃ 1
2
βω1ω2
i
16π2
1
τ
|τ≃0 κ2
∫
d4x
√−gFµνAν,µ(x) (165)
by (163), and finally:
1
2
ω21
α
κ2
∫
d4x
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dthgh,λ′µ(x
′, x;
1
α
tτ)
Aµ(x)Aλ′(x′)h(x, x′; 1
β
(1− t)τ);σ ;σ
= −i1
2
βω21
α
κ2
∫
d4x
∫
d4x′
∫ ∞
0
dτ
∂2
∂τ 2
τ
∫ 1
0
dthgh,λ′µ(x
′, x;
1
α
tτ)
Aµ(x)Aλ′(x′)h(x, x′; 1
β
(1− t)τ)
+i
1
2
βω21
α
κ2
∫
d4x
∫ ∞
0
dτ
∂
∂τ
hgh,µν(x, x;
1
α
τ)Aµ(x)Aν(x)
≃ −1
2
β(α+ β)ω21
1
16π2
1
τ 2
|τ≃0 κ2
∫
d4x
√−gAµAµ(x) (166)
by (162), where only the quartic divergence was kept.
The value of (130) is by (161):
1
4
(3 + β)ω2
i
16π2
1
τ
|τ≃0 κ2
∫
d4x
√−gFµνFµν(x). (167)
(132) contains two terms:
ω1√
α
κ2
∫
d4xAµ(x)
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dth(x, x′;
tτ√
β
);
ν′
29
Fλ′ ν′(x′)hgh,λ′µ(x′, x; (1− t)τ√
α
))
≃ −1
2
√
βω1
i
16π2
1
τ
|τ≃0 κ2
∫
d4x
√−gAν,µFµν (168)
by (163), and:
− ω1√
α
κ2
∫
d4x1Aµ(x)
∫
d4x′
∫ ∞
0
dτ
∂
∂τ
τ
∫ 1
0
dt
h(x, x′;
tτ√
β
);ν′;
ν′Aλ′(x′)hgh,λ′µ(x′, x; (1− t)τ√
α
)
≃
√
β(α + β)ω1
1
16π2
1
τ 2
|τ≃0 κ2
∫
d4x
√−gAµAµ (169)
cp. (166), where only the quartic divergence was determined.
(133) is by (163):
− 1
2
√
βω2
i
16π2
1
τ
|τ≃0 κ2
∫
d4x
√−gAν,µFµν . (170)
We then consider (131) and (134), using flat space heat kernels. The first
term of (131) has the quadratic divergence:
αω2
i
16π2
1
τ
|τ≃0 κ2
∫
d4xFµνFµν(x) (171)
while the second term of (131) is evaluated by means of (162) which implies:
∫
d4x′′
∫ 1
0
dthgh,µλ′′(x, x
′′;
1
α
tτ)Fλ′′ρ′′(x′′)h(x′′, x′; 1
β
(1− t)τ);ρ′′;σ′
≃ −1
4
αβ(α + β)
1
16π2τ 3
Fµσ′(x) (172)
and so the second term of (131) is:
− 1
4
(α + β)ω2
i
16π2
1
τ
|τ≃0 κ2
∫
d4xFµνFµν(x). (173)
The value of (134) is obtained from (171) and (173) by changing sign and
replacing α by
√
α and β by
√
β.
B The Vilkovisky construction in next-lowest
order
In the Landau-De Witt gauge we require that the gauge condition (25) is
chosen such that only the Christoffel connection coupling term (26) survives
in (24). For the Maxwell-Einstein system the form of this gauge condition is:
χ = χλ = 0 (174)
30
with:
χ = −√−gAµ;µ (175)
and:
χλ = −
√−g(hλµ;µ − 1
2
hµ
µ
;λ + κ(Aµ;
µAλ + FµλAµ)) (176)
which is the gauge condition (119) with ω1 = ω2 = 1 (the sign is unimpor-
tant). However, it was shown that the Vilkovisky construction of quantum
gravity is sufficient formally (i.e. disregarding (55), (57), (88), (90) and
(102)) to remove the dependence of the effective action on the dependence
on the gauge parameter α, and also that the additional terms of the effec-
tive action in gauges with general values of the gauge parameters ω1 and ω2
formally cancel. One has to conclude that the Landau-DeWitt gauge appro-
priate for the Maxwell-Einstein system effective action taken to second order
in κFµν is the same as that of quantum gravity, which is obtained by taking
κ → 0 in (176), while the Landau-DeWitt gauge condition obtained from
(176) itself only is relevant to fourth order in κFµν . That this is indeed the
case follows from a detailed examination of the terms of (24) in this order of
Maxwell-Einstein theory.
The Ward identity corresponding to (17) is first determined. The graviton
field two-point function < hµν(x)hξ′η′(x
′) > is related to the heat kernel
hαµν,ξ′η′(x, x
′; τ) through (67) and the ghost two-point function < ξµ(x)ξ¯ν(y) >
is expressed through the heat kernel hgh,µ,ξ′(x, x
′; τ) in (72). (49) implies by
(67) and (72) the Ward identity (17) specialized to quantum gravity and
relating graviton and ghost two-point functions, cp. (138):
< (hµν;
µ − 1
2
hµ
µ
;ν)(x)hλρ(y) >≃ −
√
α < (ξλ;ρ + ξρ;λ)(y)ξ¯ν(x) >
+i
√
α
∫
d4w
√−g < ξσ(w)ξ¯ν(x) > Gωδ(w) < (2hωσ;δ − hωδ;σ)(w)hλρ(y) > .
(177)
In the same way one gets from (51), using also (49) with the term involving
the Einstein tensor disregarded:
α
∂
∂α
< hµν(x)hλ′ρ′(x
′) >
≃ i
∫
d4x′′
√
−g′′ < (ξµ;ν + ξν;µ)(x)ξ¯σ′′(x′′) >< (ξλ′;ρ′ + ξρ′;λ′)(x′)ξ¯σ′′(x′′) > .
(178)
If the Ward identity (177) is used with the second term on the right hand
side included, and the replacement Gµν → Gµν−T µν next is made, additional
terms arise from (123) and (128):
1
α
κ2
∫
d4x1
√−g1gµ1ν1
∫
d4x2
√−ggµ2ν2
∫
d4w
√−g < ξσ(w)ξ¯µ1(x1) >
31
(Gωδ − T ωδ)(w) < (ξσ;ω;δ −Rυωδσξυ)(w)ξ¯µ2(x2) >
< (ω1Aν1Aρ1 ;ρ1 + ω2Fρ1ν1Aρ1)(x1)(ω1Aν2Aρ2 ;ρ2 + ω2Fρ2ν2Aρ2)(x2) >
(179)
and:
1√
α
κ2ω2
∫
d4x1
√−g1
∫
d4x2
√−g2
∫
d4w
√−g < ξσ(w)ξ¯µ1(x) >
(Gωδ − T ωδ)(w) < (2hωσ;δ − hωδ;σ)(w)hµ2ν2(x2) >
gµ1ρ1Fλ1ρ1(x1)(gµ2λ2Fν2ρ2 −
1
4
gµ2ν2Fλ2ρ2)(x2) < Aλ1(x1)Fλ2ρ2(x2) > .
(180)
These expressions are partially of fourth order in κ and in the background
field Aµ. The presence of these fourth order terms can be proven directly by
a lengthy calculation.
Nαβ now has components at first order in κ:
N ξα(x)c(y)
≃ κ 1√
αβ
∫
d4w
√−g < ξα(x)((ξ¯λAλ);µ + ξ¯λ(w)Fλµ)(w) >< c,µ(w)c¯(y) >).
(181)
At second order (65) is modified to:
N ξµ(x)ξν(y) ≃ i 1√
α
< ξµ(x)ξ¯ν(y) > +κ
2 1
α
∫
d4w
∫
d4z
√−g < ξµ(x)ξ¯ω(w) > Fωλ(w)
Πλρ(w, z)Fσρ(z) < ξσ)(z)ξ¯ν(y) > (182)
where Πλρ was introduced in (112).
The projection operator (71) is unmodified in lowest order but gets an
additional term at second order in κ:
∆Πhµν(x)hλρ(y)
= − 1
α
κ24
√−g
∫
d4w
∫
d4z < (ξµ;ν + ξν;µ)(x)ξ¯
γ(w) > 4
√−gFγα(w)
Παβ(w, z)Fηβ(z)4
√−g < ξη(z)1
2
(ξ¯λ ;
ρ + ξ¯ρ;
λ − gλρξ¯σ;σ)(y) >4
√−g.
(183)
A mixed projection operator is by (75) and (181):
ΠAµ(x)hλρ(y)
= −i 1√
α
κ
∫
d4wΠµ
ν(x, w)4
√−gFσν(w) 1√
α
< ξσ(w)
1
2
(ξ¯λ ;
ρ + ξ¯ρ;
λ − gλρξ¯ω;ω)(y) >4
√−g.
(184)
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In the Vilkovisky construction new terms of order κ2 in (24) originate
from:
1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4tS,hµν(x)R
hµν(x)
ξω(y),hλρ(z)N
ξω(y)ξσ(w)
Rhξη(u)ξσ(w)Ghξη(u)hαβ(t) < hαβ(t)hλρ(z) >
+
1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4tS,hµν(x)R
hµν(x)
ξω(y),hλρ(z)
(N ξω(y)ξσ(w)RAξ(u)ξσ(w) +N
ξω(y)c(w)RAξ(u)c(w))GAξ(u)Aα(t) < Aα(t)hλρ(z) >
4
√−g
(185)
and:
1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4t
∫
d4rS,hµν(x)R
hµν(x)
ξω(y),hλρ(z)N
ξω(y)ξσ(w)
Rhξη(u)ξσ(w)Ghξη(u)hαβ(t) < hαβ(t)hγδ(r) >
4 √−gΠhλρ(z)hγδ(r)
+
1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4t
∫
d4rS,hµν(x)R
hµν(x)
ξω(y),hλρ(z)N
ξω(y)ξσ(w)
Rhξη(u)ξσ(w)Ghξη(u)hαβ(t) < hαβ(t)Aγ(r) >
4 √−gΠhλρ(z)Aγ (r)
+
1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4t
∫
d4rS,hµν(x)R
hµν(x)
ξω(y),hλρ(z)
(N ξω(y)ξσ(w)RAξ(u)ξσ(w) +N
ξω(y)c(w)RAξ(u)c(w))GAξ(u)Aα(t) < Aα(t)hγδ(r) >
4
√−gΠhλρ(z)hγδ(r)
+
1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4t
∫
d4rS,hµν(x)R
hµν(x)
ξω(y),gλρ(z)
(N ξω(y)ξσ(w)RAξ(u)ξσ(w) +N
ξω(y)c(w)RAξ(u)c(w))GAξ(u)Aα(t) < Aα(t)Aγ(r) >
4 √−gΠhλρ(z)Aγ(r).
(186)
These expressions are now analyzed and shown to cancel with (179) and
(180); also it is shown that they vanish, if the Landau-DeWitt gauge condi-
tions (174) are imposed.
The parts of (185) and (186) involving the graviton correlation function
< hαβ(t)hγδ(r) > at second order in κ constructed by means of the couplings
(76) and (78) involves two factors S,hµν ; the argument amounts to using (177)
with the replacement Gµν → Gµν −T µν in the second term on the right hand
side. Consequently these terms are disregarded in the approximation where
only one derivative of the classical action is kept in (24).
There is an extra term in (185) from the second order term of (182):
1
2
1
α
κ2
∫
d4x
√−g
∫
d4y
∫
d4w
∫
d4z
√−g√−g(Gµν − T µν)(x)
< (hωτ ;
τ − 1
2
hτ
τ
;ω)(y)(hµλξ
λ
;ν + hνλξ
λ
;µ + ξ
λhµν;λ)(x)ξ¯σ(w) > Fσλ(w)
Πλρ(w, z)Fσρ(z) < ξσ(z)ξ¯ω(y) > (187)
that vanishes in the Landau-DeWitt gauge to order κ2 since the additional
term in (176) makes the expression O(κ3). The corresponding term of (186)
vanishes.
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In (185) and (186) the following combination is present:
∫
d4w
∫
d4u(N ξω(y)ξσ(w)RAξ(u)ξσ(w) +N
ξω(y)c(w)RAξ(u)c(w))GAξ(u)Aα(t)Aα(t))
= −i 1√
α
κ
∫
d4wAλ(x)Πλµ(x, w)Fµρ(w) < ξρ(w)ξ¯ω(y) > (188)
and thus one gets by (184):
1
2
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4t
∫
d4rS,hµν(x)R
hµν(x)
ξω(y),gλρ(z)
(N ξω(y)ξσ(w)RAξ(u)ξσ(w) +N
ξω(y)c(w)RAξ(u)c(w))GAξ(u)Aα(t) < Aα(t)Aγ(r) >
4 √−gΠhλρ(z)Aγ(r)
≃ 1
α
κ2
∫
d4x
√−g
∫
d4y
∫
d4w
∫
d4t(Gµν(x)− T µν)(x)
Fωρ(w)4√−gΠωλ(w, t)4
√−g < Aλ(t)Aγ(r) > Fσγ(r)
(< ξυ;µ(x)ξ¯σ(w) >< ξ
υ
;ν(x)ξ¯ρ(y) > −Rυµφν(x) < ξυ(x)ξ¯σ(w) >< ξφ(x)ξ¯ρ(y) >). (189)
In (186) one gets by (183):
∫
d4w
∫
d4u
∫
d4tRgξη(w)ξµ(x)Gξη,αβ(w, u)
4
√−g < hαβ(u)hσω(t) >4
√−gΠgλρ(z)gσω(t)
→ iκ24√−g
∫
d4w
∫
d4z
√−g
∫
d4u
√−gFωσ(w) < ξω(w)ξ¯µ(x) > Πσγ(w, u)4
√−gFβγ(u)
< ξβ(u)(ξ¯λ;ρ + ξ¯ρ;λ)(z) > . (190)
Also one finds in (186) by (177):
∫
d4w
∫
d4u
∫
d4tRgξη(w)ξµ(x)Gξη,αβ(w, u)
4√−g < hαβ(u)Aγ(t) >4
√−gΠgλρ(z)Aγ(t)
→ −iκ24√−g
∫
d4w4
√−g
∫
d4u4
√−gFωσ(w) < ξω(w)ξ¯µ(x) > Πσγ(w, u)4
√−gFβγ(u)
< ξβ(u)(ξ¯λ;ρ + ξ¯ρ;λ)(z) > (191)
where the correlation function < Aµ(x)hλρ(z) > was formed by means of the
coupling (76) with the splitting (94), and (191) cancels with (190).
Other higher order terms constructed only by means of the coupling (76)
are next considered. Using (188) one gets by (35):
∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4tRhµν(x)ξω(y),hλρ(z)
(N ξω(y)ξσ(w)RAξ(u)ξσ(w) +N
ξω(y)c(w)RAξ(u)c(w))GAξ(u)Aα(t) < Aα(t)hλρ(z) >)
→ 1√
α
κ3
∫
d4y
∫
d4w
∫
d4uFσω(y)4
√−gΠστ (y, w)4√−g < Aτ (w)Fξη(u) >
(gαξFβη − 1
4
gαβF ξη)(u) < hαβ(u)(hµλξλ ;ν + hνλξλ ;µ + ξλhµν;λ)(x)ξ¯ω(y) > .
(192)
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(192) contributes to the effective action through (185):
− 1√
α
κ2
∫
d4x
√−g
∫
d4y
∫
d4w
∫
d4u
√−g(Gµν − T µν)(x)
Fσω(y)4
√−gΠστ (y, w)4√−g < Aτ (w)Fξη(u) >
(gαξFβη − 1
4
gαβF ξη)(u) < hαβ(u)(hµλξλ ;ν + 1
2
ξλhµν;λ)(x)ξ¯
ω(y) >
(193)
with the gauge dependent part by (178) and (114):
−1
2
1
α
κ2
∫
d4x
√−g
∫
d4y
∫
d4w
∫
d4z
√−g√−g(Gµν − T µν)(x)
< (hωτ ;
τ − 1
2
hτ
τ
;ω)(y)(hµλξ
λ
;ν + hνλξ
λ
;µ + ξ
λhµν;λ)(x)ξ¯σ(w) > Fσλ(w)
Πλρ(w, z)Fσρ(z) < ξσ(z)ξ¯ω(y) > (194)
that cancels with (187). Also (186) contains, cp. (193):
− 1√
α
κ2
∫
d4x
√−g
∫
d4y
∫
d4w
∫
d4u
∫
d4t
√−g(Gµν − T µν)(x)
Fσω(y)4
√−gΠστ (y, w)4√−g < Aτ (w)Fξη(u) >
(gαξFβη − 1
4
gαβF ξη)(u)Πgαβ(u)gγδ(t) < hγδ(t)(hµλξλ ;ν +
1
2
ξλhµν;λ)(x)ξ¯
ω(y) >
(195)
with no gauge parameter dependence, keeping in mind that the normalization
of the ghost propagator involves the gauge parameter α.
All dependence on the gauge parameters α and β cancels out so far. We
then turn to terms constructed also from the coupling (120).
With two couplings (120) one gets:
∫
d4w
∫
d4uRgξη(w)ξµ(x)Gξη,αβ(w, u) < hαβ(u)hγδ(y) >
→ i 1√
α
κ2
∫
d4w
√−g < (ω1AµAκ ;κ + ω2FκµAκ)(x)(ω1AρAǫ ;ǫ + ω2F ǫρAǫ)(w) >
< (ξγ;δ + ξδ;γ)(y)ξ¯ρ(w) > (196)
which does not contribute to (186), while its contribution to (185) is:
1
α
κ2
∫
d4x
√−g(Gµν − T µν)(x)
∫
d4y
√−g
∫
d4w
√−g < (ω1AτAκ ;κ + ω2FκτAκ)(y)(ω1AρAǫ ;ǫ + ω2F ǫρAǫ)(w) >
(< ξλ;µ(x)ξ¯ρ(w) >< ξ
λ
;ν(x)ξ¯
τ (y) > −Rσµλν(x) < ξσ(x)ξ¯ρ(w) >< ξλ(x)ξ¯τ (y) >)
(197)
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and (197) cancels with (179). Also (197) cancels with (189) for ω2 = 1 and
a transverse photon propagator (Landau-DeWitt gauge).
By (35) and (188) one finds, forming the two-point correlation function
< Aα(t)hλρ(z) > by means of the coupling (120):∫
d4y
∫
d4z
∫
d4w
∫
d4u
∫
d4tRgµν(x)ξω(y),gλρ(z)
(N ξω(y)ξσ(w)RAξ(u)ξσ(w)Gξ,α(u, t) < Aα(t)hλρ(z) >
+N ξω(y)c(w)RAξ(u)c(w)Gξ,α(u, t) < Aα(t)hλρ(z) >)
→ ω2
α
κ4
∫
d4y
√−g
∫
d4w
∫
d4u
√−gFωσ(y)4
√−gΠωτ (y, w)4√−g < Aτ (w)Aκ(u) > Fκρ(u)
(< (ξµ;λ + ξλ;µ)(x)ξ¯ρ(u) >< ξ
λ
;ν(x)ξ¯
σ(y) > + < (ξν;λ + ξλ;ν)(x)ξ¯ρ(u) >< ξ
λ
;µ(x)ξ¯
σ(y) >
+ < (ξµ;ν;λ + ξν;µ;λ)(x)ξ¯ρ(u) >< ξ
λ(x)ξ¯σ(y) >) (198)
contributing to (185) and the trivial part of (186), where only the term
δ(µν)(λρ) of the projection operator Π
hλρ(y)
hµν(x) is kept:
− 2
α
ω2κ
2
∫
d4x
√−g(Gµν − T µν)(x)
∫
d4y
√−g
∫
d4w
∫
d4u
√−gFωσ(y)4
√−gΠωτ (y, w)4√−g < Aτ (w)Aκ(u) > Fκρ(u)
(< ξλ;µ(x)ξ¯ρ(u) >< ξ
λ
;ν(x)ξ¯
σ(y) > −Rσµλν(x) < ξσ(x)ξ¯ρ(u) >< ξλ(x)ξ¯σ(y) >).
(199)
Also using both the couplings (76) and (120) to form a graviton two-point
correlation function of second order in κ one gets:∫
d4w
∫
d4uRgξη(w)ξµ(x)Gξη,αβ(w, u) < hαβ(u)hγδ(y) >
→ iω2κ24
√−g
∫
d4w
∫
d4z < ξλ(w)ξ¯µ(x) > Fλω(w)4
√−gΠωδ(w, z)4
√−gF δγ(z)
< (ξα;β + ξβ;α)(y)ξ¯γ(z) >
+i
ω2√
α
κ2
√−g
∫
d4w
√−g < hαβ(y)hλρ(w) > (Fλωgρσ − 1
4
gλρFσω)(w) < Fσω(w)Aυ(x) > Fυµ(x)
(200)
contributing to (185) and the trivial part of (186) first:
2ω2√
α
κ2
∫
d4x
√−g(Gµν − T µν)(x)
∫
d4w
√−g < hτρ(w)(hµλξλ ;ν + 1
2
ξλhµν;λ)(x)ξ¯
κ(y >
(F τωgρσ − 1
4
gτρFσω)(w) < Fσω(w)Aυ(x) > Fυµ(x) (201)
canceling with (180). For ω2 = 1 and a transverse graviton propagator
(Landau-DeWitt gauge) (201) cancels with (193) and (195). One also gets
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from (200) the following contribution to (185) and the trivial part of (186):
−2ω2κ2
∫
d4x
√−g(Gµν − T µν)(x)
∫
d4w
∫
d4z < ξλ(w)ξ¯µ(x) > Fλσ(w)4
√−gΠσω(w, z)4
√−gFκω(z)
(< ξλ;µ(x)ξ¯ρ(w) >< ξ
λ
;ν(x)ξ¯
τ (y) > −Rσµλν(x) < ξσ(x)ξ¯ρ(w) >< ξλ(x)ξ¯τ (y) >).
(202)
(186) also contains contributions from the nontrivial part of the projection
operator (71) and from (184) and involving the coupling (120) once. After
some calculation one finds that they cancel with (199) and (202).
To summarize, a proof on the formal (non-regularized) level has been
sketched in this appendix that the Vilkovisky construction given by (24)
makes the effective action of the Maxwell-Einstein system gauge parameter
independent at the one-loop level and at next-lowest order in the gravitational
coupling constant κ. In the course of the proof it was found that the Landau-
DeWitt gauge given by (174), (175) and (176) and with also the O(κ) term
included in (176) makes the expressions (185) and (186) vanish, i.e. both
the terms of (24) not involving the field space connection, in contrast to
the lowest order calculation, where the terms of the gauge condition (176)
involving only the field hµν are sufficient for this effect.
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